Introduction
(a) (b) Figure 1 : (a) The problem geometry for a 2D semi-infinite rectangular strip, of width 2c, with arbitrary selfequilibrated end load [16] . (b) The friction stir welding (FSW) specimen used in this work. The specimen is cut with wire EDM at x 1 = 0, the symmetry plane.
In this work, further error analysis was carried out to improve the performance of the method. 29 The method was then applied to measure the RS field in a thin friction stir welding (FSW) plate. 30 This application was chosen because the method has unique advantages when used on thin plates 31 with non-uniform in-plane RS fields. Applications of most other MSR methods to thin plates 32 can suffer from global plate distortion [17, 18] , which makes precise relaxation measurement hard, 33 resulting in higher measurement errors [19] . It is shown that RS measured in the FSW plate with 34 the new method, refined following the sensitivity and stability analysis, agrees with that measured 35 by energy dispersive X-ray diffraction (EDXRD) in prior work [20] . It is also shown that using the 36 side cut introduces little or no plastic strain, which can be a problem in other MSR methods. 37 2. The analytical model 38 For a detailed description of the analytical solution the reader is referred to [16, 21] . A brief 39 overview is given here. 40 The Mathieu series solution for a 2D semi-infinite strip of width 2c with arbitrary self-equilibrated 41 loading at the end was used [22] , see Fig. 1(a) . A combination of the following even, f , and odd, 42 g, (with respect to x 2 ) stress functions was used:
The boundary conditions are σ 22 = σ 12 = 0 at x 2 = ±c and c −c σ 22 dx 2 = c −c σ 12 dx 2 = 0 at 44 x 1 = 0, see Fig. 1(a) , which lead to the following constraints:
which have infinite number of solutions for dimensionless γ i , ξ i , φ i , ψ i . A complete stress function, 46 suitable for any arbitrary self-equilibrated stress on the boundary, is constructed as follows:
By selecting coefficients of a i , b i , c i and d i , any arbitrary self-equilibrated loading at the x 1 = 48 0 boundary can be constructed. The forward stress solution is then immediately obtained. An 49 inverse solution can be constructed for known displacement fields. Using plane stress, small strain 50 and linear isotropic elasticity assumptions, the surface in-plane displacements can be expressed as 51 follows:
52
By truncating the series limit at n, the unknown coefficients a i , b i , c i , d i , are found from the 53 solution of the standard linear least square (LLS) problem:
where x is the vector of 4n unknown series coefficients, u is a vector of 2m displacement values, A 55 is a 2m × 4n matrix of integral functions taken at the location of each of the measurement points. [20]. Bell shaped RS fields, expected in thin FSW plates, were chosen for this work. The RS 86 field was simulated using SIGINI Abaqus subroutine [27] . σ 11 = 100 MPa was applied between 87 x 2 = −25 and x 2 = 25 mm. Enforcing stress equilibrium resulted in a residual stress field similar 88 to that in the welding process, see Fig.2 22,500 four-node linear elements were used. Three element sizes were used, see 2(a). The 92 smallest elements, 0.09 mm × 0.50 mm were used to simulate cutting via an element removal 93 technique. These elements were removed instantaneously, causing no plastic strain in the rest of 94 the model. The element size in the data collection region was 0.50 mm × 0.50 mm, except for a 95 layer of the elements very close to the elements to be cut was 0.41 × 0.50 mm. The relaxation displacement data was collected on the region between x 1 = 0.09 and 10.00 mm. It was used to 97 reconstruct the RS fields, see Fig. 4 . For the rest of the model, the mesh was biased along x 1 .
98
A total of 54 nodes were used between x 1 = 10 mm and the end of the model. The width of 99 all elements was 0.50 mm. The right edge top and bottom nodes were fixed to avoid rigid body 100 motion. zero by about about x 1 = 2c. If the specimen is shorter than 2c, then the u 1 and u 2 fields will not 103 match the analytical model, which assumes u 1 = u 2 = 0 only at x 1 → +∞. Using displacement 104 data from short specimens will result in incorrectly reconstructed series expansion coefficients. In 105 particular, higher order anti-symmetric terms, which are zero for symmetric RS fields, become 106 substantially different from zero, producing high oscillations seen in the RS profile.
107
The RS fields from different lengths of the model were reconstructed with the series expansion 108 limit of 15, see Fig. 4 . As expected, shorter models result in higher error.
109
If the specimen is longer than 2c, then the boundary conditions on the free end of the plate 110 are not important, because the right edge is guaranteed to be stress free, i.e. zero reaction forces.
111
However, for shorter specimens, the boundary condition type becomes important. 
116
The location of the clamp is shown in Fig. 3(a) . This location for the clamp was later used in the 117 experiment. Previous work considered the case when a few displacement data points are missing at the 120 cut edge of the specimen [16] . In this work we analyse more severe cases: (1) displacements are 121 available only from half width of the specimen. and (2) u 2 displacement data are set to zero due to 122 poor quality of this data. The first case can typically arise when the RS field is known in advance 123 to be symmetric with respect to x 2 . Reducing the field of view to half the width then allows one to increase the spatial resolution by a factor of 2. The second case is important because relaxation analytical solution results in a worse inverse solution, see Fig. 7(b) . to below 0.01 • . The reconstructed residual stress profiles are shown in Fig. 9 . When the rotated 150 displacement fields are used, the reconstructed RS field suffers from high oscillations.
151
Rigid body compensation is thus required. An approach used previously for the hole drilling ments due to rigid body motion can be expressed as:
where superscripts T and R refer to the in-plane translation and rotation accordingly. α is the 155 rotation angle. This displacement was added to Eqn. 4. As a result, the reconstructed RS field 156 agreed very well with the applied RS field, see Fig. 9 . Fig. 2(a) ). x 1 = 0 is the symmetry plane. An In this work the conclusions from [16] are applied to a thin plate model. A 108 mm × 150 mm × 3 mm 3D FE model of half plate was used, with symmetry condition on x 1 = 0. Applied initial 167 stress and material properties are the same as in the 2D model, see the 1.44c case in Fig. 2(b) . the bottom, and from the front to the rear side were analysed, see Fig. 10 .
172
The plastic strain fields normal to the cut surface, p 11 , induced by stress redistribution during 173 cutting are shown in Fig. 11 . p 11 is shown because it is believed to affect the relaxation displacement 
181
In contrast, in the side cut, see Fig. 11 (b) the maximum plastic strain is higher, p 11 = 0.0035, 182 but is located only near the rear face between x 2 = −10 and 10 mm.
183
To see the effect of constraint on induced plasticity, a fixed constraint was applied to two 184 different regions: (1) nodes along the thickness (x 3 = 0 to 3 mm) in the top right and bottom right 185 corners (corner constraint), see Fig. 10(c) as it is 2D model in Sec. 3.1, and (2) entire nodes on 186 the right free surface (surface constraint) of the model to avoid rigid body motion, see Fig. 10(d) .
187
For the case of a fixed constraint applied to the whole stress free surface for the top cut model, 188 see Fig. 10(d) , the shape of cutting-induced-plasticity on the cut surface is notably changed to 189 a single peak between x 2 = 0 and x 2 = −15 mm. The magnitude of the peak plastic strain 190 is p 11 = 0.002, which is 2 times higher than the corner constraint case. This suggests that less 191 constraint is preferable, consistent with the slitting method [19] . In contrast, in the contour method Fig. 10(a) . The residual stress reconstructed from the top cut suffers from higher harmonic 196 noise. However, this might also be due to the constraint effect for short specimens.
197
This analysis supports findings from [31, 16] . For thin plates a side cut is preferable to a top 198 cut, because a side cut causes less plasticity. to the pattern near the cut. The DIC pattern quality critically affects the displacement accuracy.
230
A random uniform speckle pattern with 3-5 pixels per speckle is typically recommended for high 231 resolution measurement of small displacements [35] . Matt black/white spray paint was found most 232 effective in this work, see Fig. 13(b) .
233
There is a trade-off between the quality and quantity of the measured data. Ideally, relaxation 234 from the whole width of the specimen should be recorded. However, this cannot be done using the 235 available current DIC system while maintaining high resolution. Therefore, relaxation data from 236 only half the width of the specimen was recorded, see Fig. 13(a) . The sensitivity analysis of Sec. 237 3 shows that good RS reconstruction can be expected at x 2 ≥ 0, Sec. 3.2.
238
The EDM wire diameter was 0.25 mm. The wire speeds were 18.75 mm/min and 0.7 mm/min 239 for the top and the side cuts respectively. The speeds were chosen to ensure the same material 240 volume removal rate in both cases. 241 6. Results
242
The u 1 and u 2 displacement fields from both EDM cutting schedules are shown in Fig. 14. 
243
Generally, it is known that larger DIC subset sizes give more accurate average displacements, at 244 the expense of not resolving sharp gradients. The optimum DIC subset and step size in this work 245 were 35 and 25 pixels respectively, giving the displacement spatial resolution of 0.76 mm. There 246 were a few spots where the DIC algorithm failed, perhaps due to surface pattern damage. 247 Fig. 14(a) and (b) shows that u 1 and u 2 decay slower than expected with x 1 . In particular, 248 high u 2 values away from the cut indicate that rigid body rotation might have occurred. 249 Fig. 14(c) shows the u 1 relaxation displacement for the top cut and Fig. 14(d) compares u 1 250 relaxation displacements near the cut from about x 1 = 0.15 to 1.67 mm for the top and the side 251 cuts. Significant local distortion very close to the cut is seen in the top cut u 1 field. The magnitude 252 of u 1 is much lower in the top cut than in the side cut. This is due to the plastic strain induced 253 during the top cut [16] , which leads to large errors in the reconstructed residual stress fields, see field between x 1 = 0 to 5 mm was used for the residual stress reconstruction. The series limit was 258 15. For the side cut the agreement is very good. However, the RS reconstructed from the top cut 259 shows poor agreement with the EDXRD result.
